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ABSTRACT The central purpose of this paper is to elucidate in a well defined
system the meaning of certain phenomena and concepts associated with the
active transport of ions. To this end a specific model for a carrier system which
actively transports a single ionic species is analyzed and discussed in detail. It is
assumed in this model that the carrier-mediated ionic transport occurs in regions
of the membrane physically separate from those regions in which free ionic
movement takes place,-coupling between the active and passive regions of the
membrane occurring through local current flows. The model is seen to display
the following characteristics: (a) Starting from identical solutions on the two
sides of the membrane, there is produced a redistribution of ions; (b) with
identical solutions on the two sides of the membrane there exists a potential
difference across the membrane, i.e., the "pumps' is electrogenic; (c) the "short
circuit" current for symmetrical solutions is equal to the flux of the neutral
ion carrier complex; (d) the rate of active transport (and hence of metabolism)
is dependent on the ionic concentrations in the surrounding solutions. Through-
out the paper comparison is made between features of the model and properties
displayed by biological active transport systems, but there is.no.ca&im of an
identity between the two.

INTRODUCTION

The ability of cells to perform active transport, i.e. their ability to utilize the energy
of metabolism to move molecules and ions across the plasma membrane from a
region of low electrochemical potential to one of high potential, has fascinated
cellular physiologists for many years. While there is no question (any longer) that
active transport is thermodynamically possible, the details of the process by which
this is accomplished remain obscure. Of the general types of mechanisms postulated,
the most popular one of recent years has been the "carrier" system. The essence of
this theory (which can take many variations) is that there is confined to the plasma
membrane a carrier molecule which can react with the species that is actively
transported. At one interface these two react to form a complex; the complex then
diffuses through the membrane to the other interface, where it dissociates; the un-
dissociated carrier then diffuses back to the first interface, etc. It is understood that
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the reaction at one or both interfaces is coupled to an exergonic system (e.g.
ATP -* ADP + P), thus accounting for the difference in the direction of the reac-
tions at the two interfaces.

It is clear that if the transported species is an uncharged molecule, the above
scheme can be invoked to explain active transport, although the actual chemistry
involved in a specific transport system may be quite subtle and difficult to work
out. It is not so obvious, however, how such a scheme will work if the transported
species is an ion, since, from macroscopic electroneutrality, there cannot be a net
transport of one ion without the movement of others. This immediately raises certain
questions as to how a single ionic species can be actively transported; for example,
the so called sodium "pump."

It is the purpose of this paper to discuss, in detail, a carrier model for the active
transport of ions. We are motivated to do this for several reasons: First, we feel
that it is instructive to see how the problems raised and hinted at in the previous
paragraph can be resolved in a specific, well defined system. Second, we wish to
clarify certain aspects of the electrical events associated with active ion transport.
Since there has been considerable discussion in the literature as to whether a given
ion "pump" is "electrogenic" or "neutral," we feel it may be useful to see explicitly in
a particular system what these concepts mean. Third, we wish to see if certain of the
features reported in the literature to be displayed by cells performing active trans-
port can be accounted for by a simple carrier system.
Our fourth reason for undertaking this study is to develop further the concept of

the plasma membrane as a mosaic structure. From the work of Hodgkin and Keynes
(1955) on active transport in the cephalopod axon, it is apparent that in at least
that system the active process is quite independent of "passive" ion movement. The
most obvious way for the cell to realize this independence is for the regions in the
membrane where active transport occurs to be physically separate and distinct from
those regions where passive ion movement occurs; i.e., for the membrane to be a
mosaic structure.' In our model, therefore, we shall start from this assumption and
then pursue the consequences of this feature.
We wish to emphasize at the outset that we are not claiming that our model

necessarily corresponds to a biological carrier system, or for that matter that a
carrier system is actually involved in cellular active transport. Our objective is to
demonstrate with a relatively simple model, which is capable of explicit analysis,
some of the features and concepts of cellular active transport. For this reason we
shall frequently compare properties of the model to physiological phenomena,
but it should be understood that this is done primarily for pedagogical reasons
rather than as offering evidence of an identity between the model and the biological

1We have previously discussed some of the properties of a mosaic membrane with respect to
passive ion movement (Finkelstein and Mauro, 1963) and have suggested that the plasma mem-
brane is such a structure (Finkelstein, 1964).
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system. We hope, however, that this study will stimulate physiologists into thinking
in more concrete terms about active transport.

ANALYSIS AND DISCUSSION

A. The Isolated Active Transport Element

As stated in the Introduction, we shall take the active transport region of the mem-
brane as physically separate from those regions in which passive ion movement
occurs. For this reason, we first consider the active transport element by itself.
After the current-voltage relations and ion flux properties of this isolated element
have been worked out, it will be a relatively simple matter to couple this element
to the passive regions.

1. General Description of the Model. The active transport element we
shall consider is shown in Fig. 1. For the sake of concreteness we have taken Na+

la
(o) (i)
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Nt+ + Nd+Ndta N|+ Ne+

LA a, ANo ~~~~~:ANo
FiouRE 1 The isolated single ion active transport element. The bulk phase of the
membrane is included between the dashed lines. The chemical reactions occur within
the two narrow space-charge regions, which are highly exaggerated in size in the
figure. A pair of electrodes for passing current are shown.

as the actively transported ion. The general aspects of the scheme depicted above
are as follows: "Just within"2 the membrane at the (o) interface Na+ reacts with the
negative carrier A- (which is confined to the membrane phase) to form the neutral
complex ANa; "just within" the membrane at the (i) interface, the neutral complex
dissociates into Na+ and A-; within the body of the membrane are freely diffusing
Na+, A-, and ANa. We have tacitly assumed that the association and dissociation
reactions described above require the presence of some enzymes in order that they
may occur at a reasonable rate, and that these enzymes are confined to the inter-
faces; thus for all practical purposes these reactions do not occur within the bulk
of the membrane.3 We have also assumed that the reaction at the left interface is
2 By "just within" the membrane we shall mean the space-charge regions of the membrane near
the interfaces. See section A. 2(c).
a The fact that we can talk about interfacial regions of the membrane as opposed to a bulk
region means that we are taking for our model a macroscopic system. How valid these con-
siderations will be for the thin plasma membrane is an open question.
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coupled to an exergonic system (which for the sake of example we have taken
as the hydrolysis of ATP), thus accounting for the difference in the direction of the
reactions (as indicated by the relative lengths of the arrows) at the two interfaces.
Finally, we assume that the only ion in the two solutions bathing the membrane
that can enter the membrane is Na+. (We have included K+ and Cl- in the bathing
solutions to indicate that all ions other than Na+ are excluded from the membrane).
The direction of positive current is from (o) to (i), the current being established by
means of a pair of electrodes.

2. Quantitative Formulation of the Basic Assumptions. We restrict our
analysis to the steady state, which is characterized by a constant flux, 4j, of the j'th
species at any point in the membrane.

(a) Transport relations. We shall now write the equations governing the trans-
port of matter. The flux of each species is given by the flux equations:4

49Na R dN + FCNa d (la)LIIdx dx

OA = -VFRT dCA FCA do (lb)VL dx Adx J(b

>4OANa = DANa dx (lc)dx

where,

u = the mobility of the sodium ion
v = the mobility of the carrier ion
DNa = the diffusion constant of the neutral ion-carrier complex
Cj = the concentration of the fth species at any point x in the membrane.
l = the electrical potential at any point in the membrane, with a value of 0 "just

within" the membrane at (o) and a value of -' "just within" the membrane
at (i).

R = the gas constant
T = the absolute temperature
F = the Faraday constant

We further impose at every point in the membrane the condition of electroneutrality:

CNa = CA C electroneutrality condition (2)

From the steady state condition we have, assuming carrier is conserved (see equa-
tion 6):

95ANa = -95A steady state requirement (3)

4We assume throughout the paper that bulk water flow is negligible, and that activity coef-
ficients are unity.
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By definition, the current, Ia, flowing through the membrane is:

I, ONa- OA definion of current (4)
and the total flux, 4'N,a, of sodium is defined by:

11Na -kNa + 9tANa total flux of Na (5)
Finally, we assume that carrier is conserved:

J (CANA + CA) dx_ A conservation of carrier (6)

where A is the total amount of carrier, as both ANa and A-, in the membrane.
Remark. It is instructive to note an immediate consequence of these relations.

Substituting equation (3) into equation (4) and comparing this with equation (5)
we have:

'l>N. = (7)
This states that the total flux of Na is equal to the current flow through the active
transport region. This is a rather interesting result, since the total current is not
carried exclusively by Na+, but rather by both Na+ and A-. We see that the flux
'kANa is behaving as if it, instead of-A, were contributing to the current; this is a

formal consequence of the steady state requirement, equation (3). We shall com-
ment further on this point a little later. We also note from equation (7) that when
there is no current flow through the membrane the total sodium flux goes to zero,
which is of course intuitively obvious. This does not mean, however, that both ONa
and 'PANa are zero. We can see heuristically (and we shall verify this quantitatively
below) that because of the chemical reactions, we shall have:

(CANJ)o > (CANa)i

(CN&) o < (CN.) i

where (CANa)o is the concentration of ANa "just within" the membrane at the (o) in-
terface, and similarly for the other terms. Thus, both N,Na and PANNa will be finite, but
they will be equal and of opposite sign. That is, Na will move from left to right as
ANa and from right to left as Na+, the net result being no total movement of sodium.
The zero current condition is satisfied because ONa = OA. A qualitative plot of the
concentration profiles within the membrane of the various species is shown in Fig.
2. For the case of free diffusion (I. = 0), the relative value of the slopes of the lines
in Fig. 2 will be determined by the relation:

(DANa/5)[(CAN.)i - (CANa)o] =- (D/5)(ci - co)

where,
D - 2R Tuv
D =u v
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(o) (i)

(CANa) AN
_ , I t (CANa) i

+
A ' i FIGURE 2 A qualitative plot of the

steady state concentration profiles within
c0 ~ the bulk phase of the active transport

element of Fig. 1. Note that all profiles
are linear.

(b) Chemical terms. "Just within" the membrane at the (o) and (i) interfaces
occur the reactions:

A- + Na+ '1(ATL-+ ANa at (o) interface5

A- + Na+ 4 - ANa at (i) interface

where ki is the rate constant for the indicated reaction. The rate of change of con-
centration of the species at the interfaces due to these reactions (that is, the "chemi-
cal flux" of the species) is given by:

J(Na). = J(A) - J(ANa), = -kl(CN)o(CA), + k-.(CAN.)* (8a)

Jf(N.)j= J( i -C J(ANO)j = k2(CN.)i(CA), + k-2(CAN&)i (8b)

where, J(Na), is the rate of change of Na+ concentration at the (o) interface due to
the chemical reactions, and similarly for the other Ts. Note that the "constant" k1
is a function of ATP concentration, going to zero if the ATP concentration goes to
zero (as will be nearly the case after prolonged metabolic inhibition). In order for
a steady state to exist we must have at the (o) interface:

J(ANa), = OAN& steady state requirement (9a)

J(A) ='A (9b)

J(Na)o= 4Na - (9c)

and at the (i) interface:

J(AN.) = -40AN steady state requirement (lOa)

J(A) -= OA (lOb)

J(N,)= bN- ON& (IOC)

6 A more complete way of writing this reaction would be:

A- + Na+ + ATP --> ANa + ADP + P

Thus, k'-_
k, = kI[ATP]; k-1 = k'1[ADP][P]
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Note that equations (9b) and (9c) follow from equation (9a) and the previous
relations. Similarly equations (lOb) and (lOc) follow from equation (lOa).

(c) Boundary conditions. We shall assume that the kinetics of the boundary
processes at the two membrane-solution interfaces are so rapid that essentially a
state of equilibrium exists there at all times. This means that the electrochemical
potential of Na+ is the same in free solution as it is "just within" the membrane.
These assumptions are essentially those made by Teorell (1951, 1953) in his treat-
ment of the fixed-charge membrane and by Kirkwood (1954). Because A- is
confined to the membrane and all other ions except Na+ are excluded from the
membrane, there will be space-charge regions set up at the two interfaces. We do
not worry about these explicitly, however, but, following Teorell, treat these
transitions as essentially being discontinuous. If the standard chemical potential of
Na+ is assumed the same in the membrane as in free solution, then we have for the
interfacial emf's, -7r and ire:

= RTi(CNA); (lla)
F (aN.),

= F (aN) (llb)

where, (aNa)o and (aNa)i are the concentrations of Na+ in solutions (o) and (i),
respectively. The emf's given in equation (11) are analogous to the "Donnan emf's"
in the Teorell fixed-charge membrane. Combining equations (1la) and (1 lb) we
have for the total boundary emf, xT, of the membrane:

RT nC + I(aN)] (12)

where because of the electroneutrality conditions we have written:

CO = (CNJ, = (CA),

Ci = (CN&)s = (CA);

3. Membrane Potential and Fluxes. We shall now use the equations of
the previous section to develop expressions for the total membrane potential and the
fluxes of Na+, A-, and ANa, in terms of the boundary6 concentrations c., cO,
(CANaS)o, and (CA1Na)4.

It is clear that given c0 and ct, we are dealing with nothing more complicated than
the single salt case of a Planck diffusion regime of ions. It imediately follows then
from equations (la), (ib), and (2) that:

_D =RFI + n)In- (13)

6 By boundary concentrations we mean the concentrations "just within" the membrane; that is,
the concentrations immediately following the discontinuous "jumps" from the free solutions.
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Rtot&l = F(u + v)(ci - c.) c. (14)

where,
D is the diffusion emf of the regime, Rtot01 is its integral resistance, and 8 is the

membrane thickness (see Finkelstein and Mauro, 1963). The potential difference
between the two ends of the membrane, excluding the boundary emf's, is then the
sum of equation (13) and the JaR drop within the membrane; thus,

aF(u + v)(c C-co) co F u+v)c. (15)
Combining this with equation (12) we then have for the total potential difference,
*totai, across the membrane:

*tota.== - = - 1D - IaR

RT ~~(aNa)o1 RTIUV\
J. C1

RTtotal[I c

(
+ In

F +
nCv - F(u + v)(ci c) c,

(16)

Turing now to the flux of the various species, we have for the concentration and
potential profiles within the membrane from equations (la), (lb), and (2):

c = (ci - c)(x/5) + C. (17a)

4 = -[I/F(u + v)][I81/(c. - co) + RT(u - v)] In j(c,-co)(X/6) + c. (17b)

and substituting these relations back into equations (la) and (lb) we obtain:

4iNa = - u [2RTv(c. -co) j (18a)

v 2R Tu(c. cj) 1
OA= + (I 8b)

while integration of equation (lc) gives:

¢ANa = (DANJ/K)[(CANa)i - (CANJ)o] (18c)

Remarks. With equations (16) and (18) we have all of the relevant properties
of the isolated active transport element before us; that is, we have the voltage-cur-
rent characteristic of the element and the fluxes of Na+, A-, and ANa from one
interface to the other, as functions of Ia. As they stand, however, these equations do
not give explicitly the dependence of these quantities on Ia, since c0, c,, (CANa)o
and (CANa)N are all functions of Ia. We therefore must solve for these concentrations
in terms of Ia in order to complete our treatment of the isolated active transport
element. There are several qualitative features of the system, however, that can be
deduced from the results we already have, without knowing the detailed dependence
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of these quantities on I,, and so we shall discuss these features first, as it will give us
further physical insight into the properties of the model.
The first point to note is that *total, PN.a, and 4)Na will be highly non-linear func-

tions of Ia. At first glance this might appear rather strange, since, as was pointed out
above, we are dealing with the single salt case of a Planck diffusion regime, which,
as is well known, is the one case which is perfectly linear. The basis for the non-
linearity, however, arises from the fact that c0 and ci are not constant, as is the case
in the classical Planck constrained boundary diffusion, but instead are functions of
Ia, For positive Ia, c0 increases and ci decreases, as a consequence of A- accumulat-
ing and depleting at the (o) and (i) interfaces respectively, and conversely c0 de-
creases and c4 increases for negative la. As a result of the change in concentrations
of Na+ and A- at the interfaces, the concentration of ANa at the interfaces is also
affected, and hence 40ANa. Thus we have the somewhat unusual phenomenon of cur-
rent flow altering the flux of a neutral species.7
The second point of interest is that there generally will be a potential difference

across the membrane, in the absence of current flow, with identical solutions on the
two sides of the membrane. To see this, let us consider equation (16). With
(aNa)o = (aNa) and Ia = 0, it reduces to:

RT Inc. RT u_-_v In c' (I16a)'total = F c, F (u +v c

where from the direction of the reactions it is intuitively obvious that:

Co < C,

The first term in equation (16a) is the sum of the two boundary emf's, while the
second term is the diffusion emf arising from the mobility difference between Na+
and A-. From equation (16a) we have for the various limiting cases:

FR c0
*total -0 n i (u << v)

4rtot.1t ] In ci ( uv)

*total ° (U >> V)
Thus the diffusion emf can either add or subtract from the boundary emf. We see,
however, that in general "total is finite and positive, going to zero only in the
limiting case of u >> v. In other words, to put it in physiological terminology, our
"pump" is electrogenic.

7 Note that the properties of the membrane discussed in this paragraph would still be present
even if the transport element of Fig. 1 were not active; that is, if:

kllk-l = k2/k-2
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The third point to discuss is the so called "short circuit" current of the membrane
with identical solutions on the two sides. Since, as we have shown above, there is a
positive potential existing across the "open circuited" membrane with identical
solutions on the two sides, it is clear that if we bring the membrane potential to
zero (short circuit the membrane), there will be a finite positive current flowing
through the membrane. Setting total = 0 and (aNa)o = (aNa)j in equation (16),
we obtain for its value:

(Ia) =
*^l_o

2R Tv -C.) short circuit current (19)(IC)ttotl 6 (c19

Note that the short circuit current is independent of the mobility of Na+. This we
could have predicted intuitively. For with equal concentrations of Na+ on the two
sides of the membrane, when wto., is brought to zero, the electrochemical potential
of Na+ is the same on the two sides of the membrane, and hence ONa (but not INa)
must be zero. [We obtain this result formally by substituting equation (19) into
equation (18a)]. Thus the current cannot depend on u, since no current is carried by
Na+. Hence, all of the short circuit current must be carried by A-; that is,

(Ia)*tot.1-0 = -5A (20)

[This is obtained formally by substituting equation (19) into equation (18b)]. But
substituting equation (3) into equation (20) gives:

(Ia)tot.t.-0 = AN- (21)

Equation (21) is a rather remarkable expression. It states that the short circuit
current for symmetrical solutions is equal to the flux of the neutral ANa species.
This is of course an algebraic artifice, since ANa, being neutral, does not carry
current; [compare this with the Remark in section A. 2(a)]. In fact in this case all
of the current is actually carried by A-. In the short circuit experiments on frog
skin, Ussing and Zerahn (1951) reasoned from the equality of electrochemical
potential of all species on the two sides of the membrane, that the current must
be a reflection of the active transport process. We see that in our model this is indeed
true, and we also see that this occurs in a rather subtle manner. We shall comment
further on the short circuit current in the next section.
The final point that we wish to comment upon is the interrelationship between

metabolism and electrical properties. As noted in section A. 2(b), the rate "con-
stant" k, is a function of ATP concentration, and hence of metabolism. If the system
is metabolically poisoned, then k, will decrease with time until finally kl/k1, =
k2/k.2. Clearly, then, with symmetrical solutions on the two sides of the membrane,
there will be no potential difference across the system. This system will behave as a
fixed-charge membrane of sorts, except that the "fixed" charge (that is, A-) is
mobile (and capable of reacting with Na+ to form ANa). Hence, even in the absence
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of active transport, the element will have a highly non-linear voltage current char-
acteristic.
Of perhaps more interest, however, is the fact that current flow will affect the rate

of the reactions, and hence the metabolic activity. As mentioned above, positive 4.
increases c0 and negative 4. decreases c,. Since the rate of the metabolically coupled
reaction is given by klc02, it is clear that positive 4a will increase the rate of ATP
hydrolysis and hence stimulate metabolic activity, while for large negative I4, the
metabolic activity associated with active transport will cease. We shall return to
this point later, when we consider the coupling of the active element to passive
regions.

4. The Boundary Concentrations. Let us now proceed to complete our
treatment of the isolated active transport element by finding the functional de-
pendence of the boundary concentrations on 4a. Substituting equations (18b) and
18c) into equation (3) we get:

-(DAN,a!)[(CAN.)i (CANa)o] = (v/u + v)[(2RTu/5)(c, - c.) + I] (22a)

Putting equation (17a) and the analogous expression for cAN. into equation (6)
we obtain:

Ci + c0 + (CAN.)j + (CANS). = 2A/8 (22b)

Substituting equations (8a) and (18c) into equation (9a), and equations (8b)
and (18c) into equation (lOa) we get:

k1CO - k-l1(CAN5), = (DAN&/O)[(CANa)i - (CANJ)o] (22c)

k2c, - k-2(CANj)i = (DAN/C)[(CANi) - (CANJ)o] (22d)

Equations (22a-d) determine c0, c4, (CANa)o, and (CANa)i as functions of Ia (and
also as functions of the parameters u, v, DANa, kj, k-1, k2, k-2). The problem now
is simply the algebraic one of solving four simultaneous equations in four unknowns.
Because of the messiness of the algebra, we make the simplifying assumptions:

k-I = 0 simplifying assumptions (23a)

k2 = 0 (23b)

We wish to emphasize that we are doing this purely for mathematical and aesthetic
reasons, and that if necessary the equations could be solved without any such ap-
proximations. For the problems that really interest us, however, we do not expect
relations (23a) and (23b) to drastically affect the final results.8 In order that the

8 An exception to this statement is the tracer flux properties of the membrane, which can be
significantly affected by equations (23a) and (23b). We shall defer, however, a discussion of
tracer fluxes in homogeneous, mosaic, and active transporting membranes for a future com-
munication.
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active transport system function efficiently, it is clear that we should have:

k, >> k

k-2>> k2,

so that equations (23) are good approximations to the situations of physiological
importance.

Solving equations (22a-d) we obtain:

kl(u + v)C 2 + _ Ia (24a)
C,- 2RTuv C+C0 2RTu(4a

(CANJ)O =-2 {k[D _ +v c}2 - 2c + + 2RTu)} (24b)
(cNx2{k[DAN, 2RTuv }2' ac~ 2RTu) (2)

(CA,NJ); = -klr + (U + )5}c2 -2c. +I( a
RT) (24c)

and

-1+ t+fk k (24d)

where,

(u + v) Da+2 (25a)
- 2RTuv D . k-2

2A 45,a 2b
a + 2RTu (25b)

Remarks. Equations (24a-d) give us the explicit dependence of the boundary
concentrations on 4. Substitution of these into equations (16) and (18) then gives
the voltage-current characteristics of the active transport element, the fluxes 0PNa,
(A,o PANa. and any other relevent quantities that we care to know. Let us therefore
examine some of the features of our results.
From equations (24a) and (24b) we have:

c, = 2A/a; co = 0, when I. = -4RTuA/52 (26)

The current 4. = -4RTu A/82 is the largest negative current that can be put through
the element. Substitution of equation (26) into equation (16) gives:

Tt.ot.1 -- + co as 4. - -4RTu(A/l2) (27)
We note that *tot,1 becomes infinite on two accounts. First, because Ir, the boundary
emf, becomes infinite; and second, because Rtt., the total integral resistance of the
element, becomes infinite, thus making the IR drop infinite. Note that the sign of Xr
and IR are the same. (The diffusion emf, 'D. also becomes infinite and wil add or
subtract from the other two quantities depending on whether u < v or u > v; for
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U = V., 'D = 0). The analogous expression to equation (26) for the positive current
that makes c4 = 0 can also be obtained, but is a little more cumbersome. If we make
the arbitrary relation between the constants:

(u+v)= a + 2 (28)
2R Tuv DANM k_2

then this current turns out to be:

l= +4R Tu(A/l 2)

For this current, c4 -O 0, and *t,total -* - °o for the same reasons it went to + 00

when c0 0. In Fig. 3 we see plotted the totl- Ia characteristic of the active trans-

T'totol

la
l\ l

-4RTu- I4RTu 8A

\ FIGURE 3 A qualitative plot of the steady state
voltage-current characteristic of the active trans-
port element of Fig. 1.

port element for an arbitrary choice of parameters. (The essential nature and shape
of the curve are not dependent on the particular values of the parameters and
would be the same even if A- did not react with Na+.) We therefore have confirmed
our earlier qualitative prediction that the voltage-current characteristic would be
highly non-linear. This non-linearity arises from the fact that both the resistance
(Rtotai) and intrinsic emf (Ea-XT- D) of the element are voltage (current)-
dependent. The equivalent circuit for this element will therefore consist of an emf
and resistance in series, both being voltage-dependent (see Fig. 4).

(i )
Ia

F (u+v)(c-co) co

RT Fci (0Na)ol RT I(u-v\ 0cEa IT Inz-+In (c a)i- ~--)in-c;F [L c0 l(0xNo)ij F \U+V,l CO

I
(o)

FIGURE 4 Equivalent circuit for the active transport element of Fig. 1. Note that both
the resistance and the emf are voltage-dependent.
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Turning to the fluxes, we have upon substituting equation (24a) into equations
(18a) and (18b), and using equation (3):

q5Na = Ia - kco2 (29a)

OA = -klco2 (29b)

Oi)ANa = k1co2 (29c)
where it should be remembered that c0 is a function of Ia as given by equation (24d).
These equations are interesting in that they display the dependence of the individual
fluxes on metabolism, as reflected in the rate constant ki.

Let us finally return to the problem of the short circuit current when there are
symmetrical solutions on the two sides of the membrane. Substituting equation
(24a) into equation (19) we have on comparison with equation (29c):

(Ia)*t.t.j_o* = k1co2 = OAN, (30)

which we could also have obtained by comparing equations (21) and (29c). We
see now explicitly the relationship between the short circuit current and metabolism,
as evidence by the dependence of the short circuit current on kl. With this we con-
clude our treatment of the isolated active transport element.

B. Coupling of the Active Transport Element to Passive Elements
In this part of the paper, we shall consider the consequences of placing various
regions of specific (passive) permeability in parallel with our active element. Note
that current, Ia, will flow through the active element even in the absence of an
extemal pair of electrodes (that is, in the absence of net current flow across the
membrane) because of local current loops between it and the passive regions. Since,
however, the active element has no "knowledge" of how Ia is created, the equations
of the previous sections will still be valid.

1. Coupling to a Passive K Element. The first situation we consider is
that arising when a region exclusively permeable to K+ is in parallel with the active
transport element. It is obvious that for such a membrane, the equivalent circuit
of Fig. 5 can be drawn, and that this circuit gives a physically realistic representation
of the manner in which ions cross the membrane, namely, through local current flow

(i)

gK IK T t FIGuRE 5 Equivalent circuit for a mosaic mem-
brane consisting of some active transport regions

EK oF Ea of the type shown in Fig. 1 and other regions ex-
T , * 0 clusively (passively) permeable to K+.
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(Finkelstein and Mauro, 1963). We note that the conductance and emf of the
active region are voltage-dependent (see Fig. 4) while by assumption the con-
ductance and emf of the passive region are constants. Thus:

F (aK)i

gK=- a constant (31b)

E.a 7 - =D In[ + in aa:]- ( I) n~ (32a)F [nco I (aNj)i] F u +v) ni 3a

18 [F(u + v)/8](c, -cO) (32b)
9a Rtotai IclflC3/b0

and from the circuit we obtain:

I IK + Ia (33)

Tt,tot = EK - IK =Ea - + gKE +gaE. (34)
gK ga gK + g. 9K + 9.

In the absence of net current flow,9 we have from equation (33):

IK = -Ia (35)

that is, the net flux of sodium from (o) to (i) equals the net flux of potassium from
(i) to (o). Thus, for example, if initially the membrane separates identical solu-
tions, with time the sodium (postassium) concentration will rise (fall) in (i) and
fall (rise) in (o). When will this redistribution of ions cease? Clearly when,

IK = Ia = 0 (35a)

Substituting this into equation (34) we have:

*total = Es = Ea (36)

Putting equation (31a) and (32a) into this we have:

(aN.), = [(c,/cO)2s/u+v] (aK), (37)
(aNj)o (aK)o (7

Equation (37) gives the relationship between the "equilibrium"'" ratio of sodium
concentrations to the ratio of potassium concentrations. In a completely passive

9For the remainder of this paper we shall be treating the case of zero net current flow across
the membrane.
10 We use the term "equilibrium" because in this state, equation (35a) holds, and thus there is
no dissipation of free energy due to current flow. It is not a true equilibrium, however, but
rather a steady state, since in order to maintain this state free energy must be continually dis-
sipated by the reactions in the active transport element. It is somewhat similar to what Conway
(1957) calls the "balanced state."
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system (no metabolic reactions) instead of equation (37) we would obviously
have a true equilibrium system:

(aN.),(ax). (38)
(aN.), -

Now from equation (24d) we have:

c O-+ as ki oo

Thus we have from equation (37) that for large kl,

(aa;>> (aOi)
(aN.), (ay),

which is quite different from the passive situation as reflected in equation (38).
In short, our model is capable of producing a large redistribution of ions.

Remarks. The relatively simple membrane represented by the circuit of Fig. 5
possesses several features which are rather instructive and which may also be of
physiological relevance.

(a) Electromotive feature of the system. Suppose we have metabolically stopped
the active transport (for example by anoxia) and allowed the system to run down
until all ion concentrations are equal on the two sides of the membrane. If we now
readmit oxygen so as to start the "pump" up again, there will be "immediately" seen
a potential difference across the membrane resulting from the emf, Ea, associated
with the "pump." The magnitude of this potential will of course be determined by
the relative values of the conductances g, and g.. Note that this potential difference
occurs before there is any significant change in ion concentrations from their anoxic
values; it is in this sense that we mean "immediate."
To illustrate the above remarks, let us assume that in the run down anoxic state:

(aNJ). = (aN.)i = (ax), = (a) i

Then in the "equilibrium" state after recovery from anoxia (and for that matter at all
times) we have:

(ax),/(ax)i = (aN.)j/(aN.).

Substituting this into equation (37) gives:
In (aN.)./(aN2)i = -(v/u + v) ln ci/c,

and putting this into equation (16) and remembering that I. = 0 in the "equili-
brium"9 state, we have:

= FT [ v In potential at "equilibrium" (39)
ifIt should be remembered in using equation (37) that c. and c. are dependent on the parame-
ters u and v. This does not alter our above remarks except for the limiting case in which v = 0
for this degenerate case there is no ionic redistribution.
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where ci and c0 are obtained from equations (24a) and (24d) with 4. = 0. On the
other hand we have from equation (34) for the potential "immediately" following
readmission of oxygen:

-RT [ F(c. - c,,)(2v In ci/c0) 1RF gK In ci/c. + F(u + v)(c2 -c0) J immediate potential (40)

where c, and c0 are not the same as in equation (39), since if gK is finite, 4. is not
zero. For illustrative purposes, however, let us take gK 0; then equation (40) be-
comes:

(*teO*A)8-o = RT [ v In c;ic.] "immediate" potential for gK : 0 (40a)

where now ci and c0 are the same as in equation (39). Comparing equations (40a)
and (39), we see that the "immediate" potential is larger than the final "equilibrium"
potential. Thus, our model is capable of displaying postanoxic overshoot (Lorente
de N6, 1947).

Furthermore, if we assume that gK greatly increases upon recovery from anoxia,12
then in the recovered state the membrane would behave as a potassium electrode.
This would offer a possible reconciliation of the ionic theory of membrane potentials
(Hodgkin, 1958) with the opposing view that the membrane potential results di-
rectly from metabolism (Lorente de No, 1947). Thus, it would account for the
"immediate" recovery of the potential in frog nerve upon readmission of oxygen to
a prolonged anoxic preparation (Lorente de No, 1947), and still be consistent with
the fact that the "normal" nerve behaves very similarly to a potassium electrode
(Huxley and Stampfli, 1951).

(b) Dependence of "pump" activity on (aNa)o Because it is exclusively permea-
ble to sodium, the activity of the isolated active transport element is independent of
(aNa)o; this is no longer so, however, when it is coupled to a passive element, as
in the present system. For if (aNa)o is increased, 4. become more positive. This in-
creases co and hence the rate of the reaction:

A- + Na+ kL (ATP)> ANa

(See last paragraph in section A.3). Thus, increasing (aNa)o indirectly (through
local currents) increases c0 and consequently the rate of metabolism. The same
effect is produced by decreasing (aK),,. Our model, therefore, can explain the in-
creased "pumping" action of nerve that follows tetanic stimulation (Connelly, 1959);
that is, that follows an elevation of internal sodium (and decrease of internal potas-
sium) concentration in the fiber. [Our side (o) corresponds to the inside of the fiber.]

(c) On obligatory Na+-K+ coupling. In the system represented by Fig. 5,

1iThe plasma membrane conductance of several biological systems is reversibly affected by
metabolism (Blinks, 1955; Rehm et al., 1962; Finkelstein, 1964).
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there is a one-for-one exchange of sodium for potassium, while the carrier is only
involved with sodium. Even if the membrane contained regions of exclusive perme-
ability to other ions, this would still be essentially true provided g >> g other ions
We mention this in order to point out that the intimate coupling of Na+ and K+
fluxes observed in several biological systems is not, by itself, proof that Na+ and
K+ are linked through a common carrier.

2. Coupling to a Passive Na Element. This system is identical with the
one just discussed, except that the passive element is exclusively permeable to Na+
instead of K+. It is essentially a trivial situation, since analogous to equation (35):

INa = 1a (41)

Thus the net flux of sodium through the passive branch is equal and opposite to
the net flux of sodium through the active branch, resulting in no net flux across the
membrane.

3. Coupling to a Passive Cl- Element. In this system the passive region
is exclusively permeable to an anion, C1-. The elements of the circuit are analogous
to those in Fig. 5 except that:

EcI RFT l (aci); (42)
F (aci)i

the minus sign arising because chloride is an anion. Once again the "equilibrium"
condition will be characterized by:

Ttota- Ec, = Eat

IC, = I. = 0

and analogous to equation (37) there is the "equilibrium" relation

(aNJ)i = [(ci/c0)2"'u+'] (ac,). (43)
(aN.). (aci)i

The membrane "pumps" NaCl from solution (o) to solution (i) until equation (43)
is satisfied; at this point "equilibrium" is reached, and the continued activity of the
"pump" maintains this situation.

Although we have refrained throughout this paper from considerations of water
movement, it is perhaps interesting to note that along with the movement of NaCl
from (o) to (i) there will be net transport of water in the same direction (even
before there is any significant change in NaCl concentration) due to electroosmosis
in the active and passive regions. The movement of water along with salt is well
known in biological secretory systems (Curran and Solomon, 1957; Diamond,
1962).

4. Coupling to Several Elements. For the sake of concreteness we shall
take the case when the active region is in parallel with the three passive regions
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considered above. Without going through the complete circuit analysis, it is clear
that in the final steady state:

IK = ICI = 0 (43a)
INa = -a (43b)

"total = EK = ECI (43c)

If g >> gCl, then starting from symmetrical solutions across the membrane, this final
steady state is reached as follows: Initially there will be a one-for-one exchange of
Na for K until:

*total EK

Then along with the K exchange for Na, Cl-, will move with Na+ until finally equa-
tion (43c) is satisfied. Thus, at first the system behaves as if Na+ and K+ are ob-
ligatorily coupled, but later it is seen that both K+ and C- are redistributing.

It should be noted that, in general, equation (43c) is not satisfied by most bio-
logical systems. For example, in the squid axon, although the ion being "pumped"
is presumably Na+, Ca- is not in electrochemical equilibrium across the membrane
(Mauro, 1953; Keynes, 1963) as is demanded by equation (43c), nor is K+, al-
though it is not too far off. This must mean either that these systems never are in a
true steady state, or that each of the ions not in electrochemical equilibrium is ac-
tively transported (Keynes, 1963; Hodgkin and Keynes, 1955).

C. Concluding Remarks

In this paper we have discussed in some detail the significant properties of a particu-
lar carrier model for active transport.13 Our main aim, as we stated previously, has
been to demonstrate how many of the attributes (and the terms used to describe
them) of biological ionic active transport are realized explicitly in a well-defined
carrier model. To this end we have dwelt on such topics as the dependence of active
transport rate (and hence, metabolic rate) on solution concentrations, the nature
of the "short circuit" current, the concept of "obligatory coupling" of ion fluxes,
the meaning and implication of an "electrogenic pump," etc., and have shown what
these involve in a particular model system. We hope that in so doing we have
helped to clarify for physiologists some of the problems of active transport, and
that this study will serve to stimulate further thought and analysis of both hypo-
thetical models and actual biological systems.

This investigation was supported in part by Public Health Service Training Grant #2M-6418
from the National Institute of Mental Health.
Received for publication, January 22, 1964.

13We have not discussed the important phenomenon of tracer fluxes; this subject will be
treated in a separate communication.
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